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We present a new parametrization of a SU(3) fixed point (FP) gauge action using smeared (”fat”) gauge links.
We report on the scaling behaviour of the FP action on coarse lattices by means of the static quark-antiquark
potential, the hadronic scale r0, the string tension σ and the critical temperature Tc of the deconfining phase
transition. In addition, we investigate the low lying glueball masses where we observe no scaling violations within
the statistical errors.
1. Introduction
It is well known that on rather coarse lattices
with lattice spacings a ≥ 0.1 fm the Wilson gauge
action produces quite large cut-off effects. On the
other hand, decreasing the lattice spacing below
0.1 fm becomes increasingly difficult for simula-
tions including fermions. Therefore using a bet-
ter, i.e. improved gauge action might well be im-
portant.
One possible way of constructing non-perturba-
tively improved lattice gauge theories is provided
by the fixed point (FP) action approach [1]. FP
actions are classically perfect, i.e. they have no
lattice artefacts on classical configurations. In
particular, they possess exactly scale invariant
instanton solutions. Together with fermion FP
actions they form appealing formulations of non-
perturbatively improved lattice QCD [2].
Here we present a new parametrization for FP
gauge actions which we apply to SU(3). The new
parametrization is much more flexible and has a
richer structure than the loop parametrizations
studied so far [3,4] and therefore allows to bet-
ter reproduce the classical properties of the the-
ory. In order to check the scaling behaviour of
the parametrized FP action we perform a series
of simulations in which we determine the critical
temperature of the deconfining phase transition,
the static q¯q potential and glueball masses. This
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paper summarizes some of the results [5].
2. FP gauge actions
We consider SU(3) pure gauge theory in four
dimensional Euclidean space-time on a periodic
lattice. For asymptotically free theories the de-
termination of the FP action reduces to a saddle
point problem encoded in the FP equation [1]
AFP(V ) = min
{U}
{AFP(U) + T (U, V )} , (1)
where AFP is the FP action, T (U, V ) is the block-
ing kernel of a renormalization group (RG) trans-
formation and U and V are the gauge fields on the
fine and coarse lattice, respectively. We use the
RG transformation of ref. [4] where the parame-
ters of the transformation have been optimized for
a short interaction range of the FP action and im-
proved rotational invariance. Eq. (1) represents
an implicit equation for the FP action which, in
principle, contains infinitely many couplings. In
order to use it in MC simulations one has to find
an appropriate parametrization.
3. The new parametrization
The main novelty in the new parametrization of
the FP gauge action is the use of smeared (“fat”)
links which are used to build simple Wilson loop
plaquettes [5]. To build a plaquette in the µν-
plane from smeared links we introduce asymmet-
rically smeared links: instead of summing up all
2staples contributing to a smeared link we are sup-
pressing the staples lying in the µν-plane relative
to those in the orthogonal planes µλ, λ 6= ν. In
this way we are able to effectively generate long
and complicated loops which, however, are still
very compact.
From these “smeared” loops W plµν and from the
unsmeared standard Wilson loop Uplµν we con-
struct smeared and unsmeared plaquette vari-
ables wµν and uµν , respectively,
uµν = Re Tr(1 − Uplµν),
wµν = Re Tr(1 −W plµν),
which in turn are used in a mixed polynomial
ansatz for the FP action
A[U ] = 1
Nc
∑
x,µ<ν
∑
k,l
pkl uµν(x)
k wµν(x)
l . (2)
The linear parameters pkl and the non-linear ones
entering the smearing are determined through
eq. (1) which is used recursively connecting coarse
configurations to smoother and smoother ones.
On the smoothest configuration we use the an-
alytically calculable quadratic approximation to
the FP action as the starting point [5].
An additional novelty is the use of local infor-
mation stored in the fine configurations minimiz-
ing the r.h.s. of eq. (1) for the fitting procedure.
Obviously the minimizing configurations contain
much more information than just the total value
of the action. To explore this information we cal-
culate the derivatives of the FP action with re-
spect to the gauge links in a given colour direc-
tion at each site and, together with the action
values, include them in the fitting procedure for
determining the parameters.
The final parametrization [5] obtained in this
way contains five non-linear parameters entering
the smearing and 14 linear ones {pkl, 0 < k + l ≤
4} describing the mixed polynomial in eq. (2).
4. Physical results
Using the parametrized FP action we perform
a large number of simulations on coarse lattices
with lattice spacings a between 0.1 and 0.33 fm
in order to explore the scaling behaviour of dif-
ferent physical quantities. In all simulations we
generate independent gauge configurations using
a mixture of Metropolis and overrelaxation up-
dates. Wherever it is applicable we make use of
smearing techniques and employ variational tech-
niques to increase the overlap of wave functions
with the ground state [5].
4.1. The critical temperature
We first measure the critical temperature of the
deconfining phase transition using the Polyakov
loop L as an order parameter. To do so we deter-
mine the critical couplings on lattices with tem-
poral extent Nτ = 2, 3 and 4 and various spa-
tial volumes from the location of the peak in the
Polyakov loop susceptibility,
χL ≡ Vσ
(〈|L|2〉 − 〈|L|〉2) , Vσ = N3σ .
The location of the peak can be determined very
precisely by a spectral density reweighting [6]
which combines the data of many simulations
at values of the gauge coupling near the criti-
cal value. In order to perform the thermody-
namic limit we resort to the finite scaling be-
haviour linear in Vσ as expected for a first order
phase transition. The results from these extrap-
olations are βNτ=2c = 2.361(1), β
Nτ=3
c = 2.680(2)
and βNτ=4c = 2.927(4). Finally, the critical tem-
perature is determined through a(βc)Tc = 1/Nτ .
4.2. The static q¯q potential
One way of examining the scaling of the
parametrized FP action is by measuring the static
qq¯ potential V (r) in terms of the hadronic scale
r0 and comparing the quantity r0 (V (r) − V (r0))
versus r/r0 at several values of β (see figure 1).
We would like to stress that on coarse lattices this
a non-trivial scaling test. The quality of our mea-
surements can be seen for example by comparing
our fit (dashed line) of the form Coulomb plus lin-
ear term with the result (dotted line) from mea-
surements with an anisotropic tadpole/tree level
Symanzik improved action [7].
The hadronic scale used above is determined
from the force F (r) between two static quarks.
We use [8]
r20V
′(r0) = r
2
0F (r0) = 1.65, (3)
where r0 ≈ 0.49 fm = (395MeV)−1. However,
since eq. (3) needs an interpolation of the force in
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Figure 1. Scaling of the static qq¯ potential V (r)
expressed in terms of the hadronic scale r0.
between lattice sites, on coarse lattices this defi-
nition of the scale is plagued by ambiguities stem-
ming from the discreteness of the lattice points.
Another physical quantity of interest is the
string tension σ which describes the asymptotic
long range behaviour of the potential.
Note, that here we do not aim at testing the ro-
tational invariance of the potential. For the RGT
used here this has been done at finite tempera-
ture, however, using a different parametrization
of the FP action [4].
4.3. Scaling behaviour
We are now in a position to investigate the scal-
ing behaviour of the parametrized FP action by
means of the RG invariant quantities r0Tc, Tc/
√
σ
and r0
√
σ. We find that these quantities scale
even on lattices as coarse as a ≃ 0.33 fm [5]. As
an example we display the results for Tc/
√
σ in
figure 2 together with results obtained with dif-
ferent other actions [9–14].
4.4. Glueball masses
In the pure gauge glueball spectrum the lowest-
lying 0++ state shows particularly large cut-
off effects when measured with the Wilson ac-
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Figure 2. Scaling of Tc/
√
σ for different actions.
tion. It therefore provides an excellent candi-
date for sizing the improvements achieved with
the parametrized FP action. To do so we per-
form simulations at three different lattice spac-
ings in the range 0.1 fm ≤ a ≤ 0.18 fm and spatial
volumes between (1.4 fm)3 and (1.8 fm)3. The
scale is set by r0 as determined in the previous
section. We measure all length eight loops on
five smearing levels in order to construct a wave
function with a large overlap to the ground state.
In figure 3 we compare the results for the lowest
lying 0++ glueball mass measured with the Wil-
son action [15–17], the anisotropic tadpole/tree
level Symanzik improved action [18,19] and the
FP action. Performing the continuum limit and
using r0 ≃ 0.49 fm we obtain a mass of m0++ =
1627(83) MeV for the 0++ glueball. Finally, we
also determine the 2++ glueball mass at a lattice
spacing a = 0.1 fm and obtain m2++ = 2354(95)
MeV [5].
Measuring glueball states on rather coarse lat-
tices immediately calls for anisotropic gauge ac-
tions. The construction of such an action using
the FP approach is under way [20].
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Figure 3. Scaling behaviour of the 0++ glueball.
5. Conclusions
The new parametrization presented here pro-
vides a method for approximating FP gauge ac-
tions which is very general and flexible but still
simple. It is possible to describe the FP actions
accurately enough so that their classical proper-
ties are preserved. However, it is necessary to
check the range of validity of the parametrized FP
action. In view of future applications of the ac-
tion in connection with a parametrized FP Dirac
operator [21] this is of crucial importance. In ad-
dition, one has to assure that no pathologies are
introduced through the parametrization. For the
quantities and lattice spacings investigated so far
we find that this is indeed the case. In particular,
we find that these physical quantities scale even
on lattices as coarse as a = 0.33 fm.
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